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Investigation of the stabilizability in the mean square of a linear system with
several perturbations in the object and the control channel is reduced to the
analysis of a simpler system with a smaller number of perturbations, Necessary
and sufficient conditions of stabilizability are obtained, and a procedure for
determining the stabilizing control is indicated, Effects of the perturbation
pattern on the stabilizability of a system is investigated, and it is shown how
such investigation can be simplified depending on the perturbation pattern,

l,statement of the problem, The behavior of systems whose
random perturbations depend on their state and control is often described by stochastic
differential equations

K !
z = Az 4 Bu rg,l oz, + rzl P,um, (L.1)

Here z is the n-dimensional phase-coordinate vector, u is the m -dimensional
control, 4 and o, are constant 7 X n-matrices, £, (1) (r=1,2,..., k)
are perturbations in the object, 7, (¢) (r = 1, 2, . . ., I} are perturbations in the
control channel; all &, () and n, (¢) arein the aggregate independent standard
Wiener processes,

The questions of stability and stabilization of similar systems have been examined in many
papers(see{1—12], for instance ), In the present paper the dependence of random perturba-
tions on the state and the control dlffers from (1.1), andis defmed by thesystem Sy,

Sk, 1 x—Ax+Bu+2lcPer ergr“"zlﬁvu Pun, 1.2

Hete z,u, A, B, §, and 7, are thesame asin(1,1), ¢, and ¥, are constant
n -vectors, Q, and P, are constant symmetric nonnegative definite (Q, > 0, P,
> 0) matrices of dimensions 5 X n andm X m, respectively,
While in (1,1) the perturbation depends on the phase space point of the system in
(1. 2) it rather depends only on how far this point is from the coordinate origin, i.e.,
the dependence of the perturbations on the system’s state in (1, 2) is less fine than in
(1.1). It turns out that the investigation of system (1, 2) is simpler in many respects,
The perturbations in system (1, 1) are called perturbations of the first type, and those
in (1.2), of the second type,
The necessary and sufficient conditions for the mean-square stability canbe obtain-
ed for both systems by general methods connected either with the investigation of the
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corresponding systems for the second moments or with the Liapunov function, Stabiliz-
ability, however, is equivalent to the solvability of the Bellman equation for the corres-
ponding stochastic optimization problem. It is impossible fo regard these general meth-
ods as being sufficiently effective, For a very narrow but important class of systems with
perturbations of the first type, more effective criteria of stabilityand stébilizability have
been obtained [3, 4, 9, 11, 12], reducing the problem to the investigation of certain prop-
erties of corresponding deterministic systems, However, such a reduction is not possible
in more general cases, In [10] the investigation of the stabilizability of a system with
perturbation of the first type acting both in the object as well as in a scalar coatrol
channel was successfully reduced to the solving of a certain optimization problem for a
system with perturbations in the object but without them in the control channel, Such
an approach is systematically developed below,

2,Sequential stabilization procedure, Inconnection with
system Sy, weconsider k -+ I + 1 systems

So,00 S1,00 00 o Sk,o, Sk,h e oo Sk (2. 1)

Each system in (2, 1) is obtained by the rejection of a certain number of perturbations
from system Sy,;. We introduce the following set of stabilizing controls

a
U,,, = {u = —Kz | u stabilizes system S,,,}

Clearly, Upgyy,r (O Us,; and Ugrs1 © U,y Let us first investigate the stabiliz~
ability of systems S;q, 1 < s < %k, i.e., of systems without perturbations in the
control channel,

Theorem 2.1, Letsystem S, be stabilizable (Uysy,0 7= (7). Then for
system: S, , to be stabilizable|(U,,, 7= () it is necessary and sufficient that the
inequality | ) A 3

infuu, y , L (@) <1, 1) = M | 2*Qzdt (2.2)

Y
where z (f) is the solution of system S,_;,, with Z (0) = @4, be satisfied, The
controls u & U,y o stabilizing system §,, are those and only those for which

Iy (u) < 1.
Proof, Necessity, Letsystem S§,, with control u = —Kz be stab-

le (u e Uy,). Then for every positive definite matrix G (G > 0) wecan find
a matrix M > 0 satisfying the Liapunov equation

Ay (M) + @ *M@Qs = — G (2.3)

Suwl

Ay (M) Z (A — BKY*M + M(A— BK)+ r§1 ¢ *Me,Q,

Since u & U,.,,, we can prove the existence of the inverse negative operator
A1, Applying it to both sides of Eq. (2.3), we obtain
M + @*M A1 (Qs) = Tu(M) = — ATHG) >0 (2.4)

A
T, (M) “= M — T, (M)
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A
Hu (M) = - (Ps*ﬂfcpsr/\u‘l (Qs)

Operator TI, is positive and, according to (2,4), satisfies the inequality I, (M) <C
M. Consequently, by Theorem 5, 6 in [13] its single eigenvalue A = % A1
(Q,) ¢, satisfies the inequality ) << 1 and, by I8' theorem [, (u) << 1.

Sufficiency., Lettheinequality 7, (1) << 1 be satisfied for some control
u e U,_,, - This means that the single eigenvalue A = I, (u) of operator II,
lies inside the unit circle, Hence it follows that operator T, has an inverse, where
T, (€)= T.°(C) + I (C) + .. .o G.e, operator T, is positive, This
signifies that for G > 0 the matrix M = T, [— A, (G)] > 0O satisfies the
equation

M — 10, (M) = — A (G)

Hence, because Eqs, (2.3) and (2. 4) are equivalent, it follows that the matrix M > 0
satisfies Eq. (2,3), i.e., system S;, with control © is stable, Consequently, every
control u & U, for which I, (u) << 1 stabilizes system S;,.

Thus, in the investigation of the stabilizability of system S , a sequential proc-
edure arises, at whose s-~thstep (s = 1, 2, ..., k) an optimization problem is
solved and inequality (2. 2) verified, If this inequality is satisfied then system S
is stabilizable and we must pass on to the next stage, i.e., ascertain the stabilizability
of system Se+1,0- If this inequality is not satisfied, then system S, is not stabiliz-
able, and, hence, system Sy, isnot stabilizable, We go on to investigate the
stabilizability of systems S, , with 1 < s < /,i.e., of systems with perturbations
also in the control channel,

Theorem 2, 2, Letsystem S, ,, be stabilizable (U, 515 (J). Then
for the stabilizability of system S, , (U, 7= (JJ) it is necessary and sufficient that
the inequality N
infucry S <1, T, (@) =M [ urPuads

[

where z (t) is the solution of system S ., with Z (0) = §;, be satisfied, Those
and only those controls u & Uy 4., for which J, (u) <C 1 stabilize system Sk s
The proof is analogous to that of Theorem 2,1, The procedure of sequential in-

vestigation of stabilizability, constructed on the basis of Theorem 2, 1. can be extend-
ed in obvious fashion to systems with perturbations also in the control channel, thanks
to Theorem 2,2, The realization of the whole procedure reduces to the sequential
solving of & + I optimal problems, At first these problems are solved for systems

Sy_1,0 with criteria [, (w) (s = 1, 2, .. ., k), and next for systems Sk, sy with
criteria J, (u) (s =1, 2, . . ., ). Such problems are of independent interest, They
have already been analyzed in the deterministic case (see [14], for instance).

N ote, Thesequence in which the perturbations are introduced can be arbitrary,
Then at each step of the procedure it is necessary to solve an optimization problem,
choosing functional I (u) or J (x) depending on whether the perturbation is introduc-
ed the object or in the control channel.
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3, Solution of degenerate optimization problems
and a stabilizability criterion in 1imit form, we
consider stochastic systems Sp41,, and Sj 44;. According to the Note in Sect, 2

the determination of the stabilizability of systems Sp41, qand. Sp, g4 is connected with
the solving of the optimization problems

A oo
I()—infucu, I(w) =M {2*Quzds 3.1
0
A ox
J(uy—infuen, J(u)y=M S u*Poudt (.2
0
U< {u = —Kzx | u stabilizes system S, ,}. Here z (t) is the solution of

system S, .. Problems (3.,1) and (3. 2) with degenerate quadratic criteria are the
limiting cases of the corresponding nondegenerate problems of optimal stabilization,
We begin with problem (3. 1), The relation

infuepl (@) = limey o min I (1) (3.3)
A =~
Io(u) = M | [2* (Qpn + ¢G) = -+ eu*Ruldt, G >0, R>>0, e>0
0
is valid, Ifsystem S, isstabilizable, then
min I (u) = I (ue) = 2* (0) Moz (0) (3.4)
ug(r) = — [eR 4 H (M )|"'B*M .z (8.9)

A 9 A D
H (M) = X 8*M8,P,, F(M) =D ¢ *M¢,0,

r=1 reml
M, > 0 is the unique solution of the equation

A*M 4 MA 4 F(M)—MBeR + H(M)|*B*M = — Qp. —eG  (3.9)

It can be shown that M, decreases monotonically as & y 0. Therefore, the limit
M, == limg\, M, exists, Then from (3, 3) and (3,4) we obtain

infyepl (1) = z* (0)Myx (0)

Theorem 3.1 Letsystem S,, bestabilizable (U %= (J). Then for
system  Sp4y,, to be stabilizable it is necessary and sufficient that the inequality.
Qper*MoPpyy << 1 issatisfied. The control u. found from (3, 5) stabilizes system

Sp.g."q as soon as q)p+1*Mg(Pp+1 < 1.
Problem (3, 2) is solved analogously, To formulate the corresponding theorem we

introduce the equation

up (z) = —IPgyy + OR + H (D)1 B*Dyz (8.7
where Dy > 0 is the solution of the equation
A*D + DA + F (D) — DB'|Pyy; + R + H (D)I''B¥D = —8G (8.8)
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(G>0, R>0, 6>>0)

we set Dy = limg,Ds.

Theorem 3.2, Letsystem S,, bestabilizable (U = (§).  Then for
system S5, o+1 to be stabilizable it is necessary and sufficient that the inequality
Bg41*Dotrgs; << 1 Dbe satisfied. The control us found from (3. 7) stabilizes system

Sp, qv1 28 soon as Vg4 *Dalyyy < 1.

Let us mention two possible methods for solving Eqs, (3. 6) and (3,8), These meth-
ods are highly effective in the computational sense, The first method is based on the
fact that solutions of algebraic Eqs. (3. 6) and (3. 8) can be obtained as the stationary
solutions of corresponding differential equations (see [15, 16], for example). The
second method, suggested in [10, 17], is interesting in that the optimal stabilization
problem for a stochastic system reduces to the successive solving of optimal stabiliza~
tion problems for the corresponding deterministic system,

We remartk that by using the ideas in Sects,2and3 we can obtain sufficient con-
ditions for the stabilizability of systems with perturbations of the first type.

4, Systems in which each perturbation acts on
only one equation, Letthe perturbations in system (1,2) be such thateach
one acts only on one equation, This means that vectors ¢, and ¥, have each only
one nonzero coordinate. We take this coordinate equal to unity, Then all the pertur-
bations are separated into n classes; the i -th class consists of perturbations acting
on the i-th control, The whole set of indices of perturbations in both the object and
the control channel can be separated into cldsses in corresponding manner, We set

Vi={rlo.=e¢;, 1<r<k}v W, =1{r|¥ =e¢, 1<7‘<\l}.
where e; isan n-dinensional vector whose i -th coordinate equals unity while

the rest equal zero.
We now consider the n -+ 1 systems

Se:x = A4z + Bu, s=20 (4.1)
Sz’ = Az + Bu 4 D, ei[ NVz*0.zt + X Vu*Pu n,.':]
i=1 rev; rew,;
1<s<(n
We introduce the set of stabilizing controls U, = {u = — Kz | u stabilizes
system S,}.

Theorem 4.1, Letsystem S,-; be stabilizable (U,_y %= (). For system
Ss :to be stabilizable (U, 7= () : it is necessary and sufficient that the inequality

infyer, M S l[x*Gx + u*Rauldt <1
0

G = 2! Qr» R,= 2 P,
rev, rew
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where z (f) is the solution of system S, ; with z (0) = e, be satisfied. Those
and only those controls u & U,_, for which

M | (2*Gyx + u*Ru)dt <1
stabilize system S . 0

The proof is analogous to that of Theorem 2, 1,

Now the stabilizability of system (1.2) (§,) can be ascertained not in & - [ steps,
as in the general case, but in n steps, since at each step the influence of all perturba-
tions acting on one control is investigated at the same time. In addition, if G, > 0
and R, > 0, then at the s-th step this investigation is connected with the solving
of a traditional optimal stabilization problem with a nondegenerate criterion.

5, Stabilizability of systems with arbitrary pert-
urbations in the object, The constructive-algorithmic nature of the
method proposed in Sects. 2 and 3 enables us to ascertain the stabilizability of a
system only when we have concrete parameters, However, the general approach on
which this method is based can also yield qualitative results,

Theorem &. 1, Letsystem S, , be stabilizable and let Y be a linear
subspace of phase space X. The following statements are equivalent.,
1°, System S , Iisstabilizable for any perturbations actingon Y (i.e.,¢, &
Y, Q, are arbitrary).
2°, The equality

infucu, , | #* () z(t)dt = 0
0

is valid for the solution z (¢) of system S,, with initial condition z (0) =Y .
3°. Y C Range B (Range B is the range of matrix B).

Proof. The equivalence of the first two statements can be checked by analogy
with the proof of Theorem 2,1, To prove the equivalent of statements 2° and 3° we
start from the relation o

infucu, , | o* () 2 (0)dt = 2% (0) Moz (0) 5.1)

0
where M, = limg< o M, M, isthe unique solution of the equation

A*M + MA — e2MBB*M = —FE (5.2)

(E is the unit matrix), From relation (5,1) we get that every space Y of initial
values, for which statement 2° is valid, belongs to the space Y, of all solutions of
the equation y* M,y = 0 which, because of the symmetry of matrix M, ,is equival-
ent to the equation My =0 (5.3)

Let us prove that Y, = Range B, Multiplying both sides of relation (5. 2) from
the left by y* and from the right by Y, we obtain

Y*A*My + y*MAy — e 2y*MBB*My = —y*y
Hence from (5. 3) it follows that.for some ¢ > ( the inequality
y*M.BB*Mey > 0 (5.4)

. - A
issatisfied for every nonzero ¥ & Y,. WesetZ = M.Y ,.Then from(5. 4)we get that the



Stabilization of linear stochastic systems 661

inequality zBB*z > 0 is satisfied for every nonzero z & Z ; consequently,
7(B) > dim Z. since M,>0, wehave |M, |0 and, thus,dim Z
= dim Y,  Therefore we obtain

r(B) »>dimY, (5.5)

Further, multiplying both sides of relation (5.2) by &? and letting ¢\ 0, we
obtain M,BB*M, == 0, whence follows the equality M B = () which signifies
that the.columns of matrix B are the solutions of Eq. (9.3), i.e., Range B C Y.
Comparing this relation with inequality (5.5), we find that Y, = Range B, whence
the equivalence of statements 2° and 3° follows at once.

Corollary, For the stabilizability of system S, o with any perturbations (i. e.,

for any @, and () it is necessary and sufficient that matrix B be nonsingular and has
the dimension n X n .,

An incorrect sufficient criterion for the stabilizability of systems with arbitrary
perturbations of the first type in the object was presented in [10] (Theorem 3). As
implied by the corollary, which is also valid for perturbations of the first type, com-
plete controlability is insufficient for such stabilizability, This error was mentioned
in [18], We point out that the incorrect criterion in [10] has no bearing on its main

contents and that all the rest of the material in [10] does not rely on this criterion.
6, Example, Consider the system

o =ntaVadt+ats, a>0 (6.1)
o' =u+Veled + g22hE, + B luln, §>0, £>0, >0

The corresponding determinate system
.‘51' B gy xﬁ‘ =u (6. 2)
is stabilizable, We first investigate the stabilizability of the system

=12y, Xy =u ‘/gllez + ga%ma? B+ Bluln (6.3)
For this, according to Theorem 4, 1, we need to solve the optimization problem
oo
min S [8:%2:% + goPz® + Bu?] dt
u
[

for system (6,2) with  z; (0) = 0, =, (0) = 1, Note that in this case the correspond-
ing Riccati algebraic equation

2
A¥M 4+ MA — B MbFY = — G, G = gg g02 (6.4)
2
is easily solved and that matrix M has the elements
my = 8V 2881 + 8%, mi=Pg1, mu=0V2ps Emp (6.5)

Then for system (6. 3) we obtain the stabilizability condition
mas =BV 2g: + £2* <1

now setting B = 0.2, g; = g, = 0.1, we ascertain the stabilizability of system(6, 1),
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For this, according to Theorem 2,1, for system (6.3) with =z, (0) = o, =z, (0) =0
we need fo solve the degenerate optimization problem
inf,_ M 5 [2,2 4 z,%] dt
0
A
where U= {u = —kz; — kyz, | u stabilizes system (6,3)}. According to Sect, 3 this
problem is connected with solving the equation

A*M 4 MA + ¢*MgG — MBb*M [ (¢ + 6*M®) = —E (6.6)

1 0

GMP = Mgy,  OEMO = 0.04mg, E = ” o

The latter can be solved in various ways. In this case using formulas (6. 5), it is easy
to realize the iteration process

A*ME L MEOL — MEObp*M© [ (e + F*MED §) = (6.7)
—E — ¢*M® Vg6 M@ = ¢
Relation (6,7) with & >0 determines a sequence of matrices M >0 (s=1,
2, .. .), which converges (see [17]) to a matrix M > 0 satisfying Eq, (6,6), Thus,
forany &> 0 wecanfind M, and, then a7, In the considered case the ele-
ments of matrix M, , to within 0.5.107%, are: my,° = 1.04125, my,° = 0.04165,
my,° = 0.04335. In accordance with Theorem 3,1 we obtain the condition

o <1/ Vi, = 0.97999
for the stabilizability of system (6, 1) with =02, g =g, = 0.1.

The author thanks G. N. Mil*shtein for interest in this work and for discussions,
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